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Abstract
We study counterterms (CT’s), candidates for UV divergences in the four-dimensional
N=8 supergravity. They have been constructed long ago in the Lorentz covariant on shell
superspace and recently in the chiral light-cone (LC) superspace. We prove that all of
these CT’s are ruled out since they are not available in the real LC superspace. This
implies the perturbative UV finiteness of d = 4 N=8 supergravity under the assumption
that supersymmetry and continuous E7(7) symmetry are anomaly-free. The proof, based
on the chiral nature of CT’s in the LC superspace, is a generalization of the perturbative
F-term non-renormalization theorem for N=8 supergravity.
1 Introduction
The story of N=8 supergravity [1, 2] has been developing rapidly during the last few years,
as shown in review papers [3]. The recently established properties are: it is UV finite up to
the 4-loop level [3] and it is likely to be all-loop anomaly free [4]. The absence of chiral SU(8)
and continuous E7(7) symmetry anomalies is rather non-trivial. It is crucial for the argument of
this paper since it is based on the equivalence theorem between the Lorentz covariant and LC
superspace path integrals of the theory in the form established in [5].
An infinite set of E7(7) invariant UV candidate CT’s was constructed in [6, 7] using the
geometric on shell Lorentz-covariant superspace [2] with 32 Grassmann coordinates. Despite
some differences concerning CT’s and the onset of UV divergences in [5, 8] and [9], there seems
to be a consensus that the infinite set of CT’s is still to be taken seriously. A most recent
analysis of the landscape of potential CT’s in [10] shows that many of them are not ruled out
on the basis of linearized Ward identities.
The infinite set of covariant CT’s in [6, 7] depends on constrained superfields describing
the superspace geometry. These superfields satisfy the non-linear classical equations of motion.
They cannot be used as unconstrained superfield variables in the path integral. The Lorentz
covariant computations have to be done either using the gauge-fixed action of [1] or using the
unitarity cut method [3]. In both of these cases, none of the 32 supersymmetries are manifest.
N=8 supergravity has also a description in the LC real superspace with 16 Grassmann
coordinates based on [11, 12]. In this superspace an unconstrained scalar chiral superfield
and an anti-chiral one, related to the chiral one, are available. Therefore, using the 1/2 of
the manifest supersymmetry, one can study the candidate CT’s in the LC superspace where an
unconstrained scalar chiral superfield, describing the 256 propagating degree’s of freedom, serves
as a variable in the path integral. The unpleasant part of the LC superspace is the absence
of the manifest Lorentz covariance. However, it is the only known superspace formalism that
supports the path integral of the theory1 which may lead to predictions being confirmed (in
anomaly-free case) or falsified (in case of anomalies) by perturbative computations. It has been
pointed out in [8] and recently confirmed in [13] that not a single viable counterterm in the real
LC superspace has been constructed so far. As the result, N=8 supergravity may be viewed
as UV finite, until the real LC superspace CT’s with 16 manifest kinematical supersymmetries
are found, which are compatible with other known forms of the CT’s.
There are two possible explanations for the absence of the 3-loop UV divergence [3] predicted
by the linearized R4 counterterm of N=8 2supergravity [7, 14]. One explanation was given in
[5]. It says that the computation in the chiral LC superspace with 8 Grassmann coordinates,
based on [11, 12, 16, 17], does not support this UV divergence since it is non-local in terms of
chiral superfields. The second explanation is that the non-linear supersymmetric completion of
the R4 term requires the presence of the φ2R4 term, which breaks the continuous E7(7) symmetry
[18]. The analysis is based on string theory computation where both R4 and φ2R4 term are
1The unconstrained harmonic superspace is not available for N=8 supergravity.
2A complete non-linear supersymmetric R4 CT is known for N=1 supergravity [15].
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present. It is not surprising that both R4 and φ2R4 terms are present in string amplitudes,
demonstrating explicitly that the continuous E7(7) symmetry is broken.
Meanwhile, if we take the violation of the continuous E7(7) symmetry as a reason to rule
out the R4 3-loop UV divergence, it opens the door to further investigation of the consequences
of the continuous E7(7) symmetry. Note that in the four-dimensional perturbative N=8 su-
pergravity the conserved Noether current is available [1, 2, 12, 20, 19, 21, 22, 4]. This was
the proposal made in [5, 23] where the issue of a continuous E7(7) symmetry of perturbative
N=8 broken down to a discrete E7(7)(Z) symmetry by non-perturbative effects in d = 4 was
discussed in detail. The point was made there that the perturbative d = 4 N=8 supergravity
may well be consistent with anomaly-free continuous E7(7) symmetry. But the theory may also
be studied in the background of N=8 BPS black holes, which are responsible for breaking
continuous E7(7) symmetry down to a discrete E7(7)(Z) symmetry in d = 4.
In addition to four-dimensional states of N=8 supergravity, string theory states also include
the 1/2 BPS states [24], which in d = 4 are associated with 1/2 BPS extremal black holes. These
singular black holes become massless only at the boundary of the moduli space. Therefore
one can consistently exclude them from the spectrum of states of perturbative d = 4 N=8
supergravity and expect that the continuous E7(7) symmetry is preserved in perturbative theory
[23]. It has been argued in [24] that 1/2 BPS states (Kaluza-Klein monopoles as (electrical)
Kaluza–Klein modes of a dual torus) do not decouple in string theory limit to d = 4. The results
of our paper explain why R4 and φ2R4 terms are present in string amplitudes, even in the d = 4
limit: these terms originate from 1/2 BPS string states running in the loops of string theory
and breaking E7(7)(R) symmetry down to E7(7)(Z); they do not decouple in the d = 4 limit.
These R4 and φ2R4 terms are absent in d = 4 N=8 perturbative supergravity since there are
no 1/2 BPS states in loops of perturbative N=8 and UV divergences respect the E7(7) Noether
current conservation [20]. For the discrete E7(7)(Z) there is no Noether current. We will show
below that in absence of these 1/2 BPS states, it is not possible to construct the candidate
CT’s for the UV divergences, which are D-terms in real 16-dimensional LC superspace with
16 kinematical supersymmetries manifest, only the F-terms are available. Therefore the UV
finiteness prediction for d = 4N=8 perturbative supergravity depends crucially on the fact that
there is only one unconstrained multiplet with 256 states (a chiral LC superfield, depending on
8 Grassmann variables), decoupled from the non-perturbative 1/2 BPS ones. This is the major
difference between d = 4 perturbative N=8 supergravity and the d = 4 limit of string theory.
Therefore, we will take an attitude that the continuous E7(7) symmetry controls the quantum
loops in the perturbative d = 4 N=8 supergravity. Even in this case, the puzzle of the UV
properties remains: on the one hand, the covariant CT’s in all higher loops respecting the
continuous E7(7) symmetry are available in [6, 7]. On the other hand, they may or may not
exist in the LC superspace, as suggested in [8].
In the N=4 Yang-Mills theory, as well as in N=8 supergravity, the real superspace and
the LC action were introduced by Brink, Lindgren and Nilsson in [11, 12]. The chiral LC
superspace and the action of the LC N=4 Yang-Mills theory was introduced by Mandelstam
in [16]. The relation between these two was clarified for the Yang-Mills theory in [17] and more
recently in [26]. The study of the N=8 chiral superspace path integral and its predictions
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was performed in [5], where the relation to on shell superamplitudes was also established. The
study of the local in the chiral LC superspace amplitudes in [5] led us to conclude that there
are no UV divergences below seven loop order, L = 7. This effect has an interpretation [25] as
a light-by-light type scattering effect in supergraphs when an account is taken of the dynamical
supersymmetry, which is non-manifest in LC superspace. A conjecture was made in [5] that
if the additional information about the continuous E7(7) symmetry is added to this chiral LC
superspace analysis, some stronger restrictions on available CT’s may be deduced, which may
lead to the proof of the all-loop UV finiteness of the theory. A step in this direction was made
in [26] when we have recently introduced a new path integral for the N=4 supersymmetric
Yang-Mills theory. It originates from the real LC superspace action but leads to covariant
answers for the superamplitudes via the chiral superspace action.
It turned out that the most effective way to proceed with the analysis of the candidate CT’s,
is to use all three available superspaces: the Lorentz covariant on shell superspace, the real LC
superspace, and the chiral LC superspace. First, we will build sets of all possible counterterms
in all three superspaces. Second, we will compare them. We will find out that these three sets
of potential CT’s have a vanishing intersection. In other words, none of the candidate CT’s can
belongs to all of these three sets simultaneously. This rules out all potential candidates.
2 Non-linear CT’s versus amplitudes
In QFT there are two possibilities to make predictions about UV divergences, based on the
path integral formalism.
In the background field method [27], assuming that the theory is free of anomalies, one
can study the background invariant local CT’s. This is equivalent to imposing the non-linear
set of Ward identities. For example, in gravity one can look at the local CT’s depending on
curvature tensor and covariant derivatives of the form
∫
d4xDnRk(x) for UV divergences of 1PI
diagrams, if one computes the path integral in background covariant gauges. This corresponds
to a simplest possible version of nonlinear Ward identities [28].
Alternatively, one can look at the amplitudes which are non-local since they involve 1PR
diagrams. These amplitudes must satisfy the linearized form of the Ward Identities. For
example, in the pure gravity case, each amplitude has to depend on the linearized version of
derivatives of the curvature tensor. The total amplitude has a contribution from the local
contact terms as well as from trees. For example, the 4-point amplitude on shell, which does
not depend on the choice of the gauge, has to be described by an effective action in the Fourier
space of the form
∫ i=4∏
i=1
d4pi δ
4(
∑
pi)R
lin(p1)R
lin(p2)R
lin(p3)R
lin(p4)A(p1, p2, p3, p4) . (2.1)
Here A(p1, p2, p3, p4) is, in general, a non-polynomial function of momenta, R
lin is a shortcut
for the linearized curvature tensor Rlinµνλδ satisfying the linearized equation R
lin
µν = 0.
4
In the case of pure gravity in the second loop approximation there is a unique candidate
counterterm R3 which does not vanish on shell, when the non-linear equations of motion Rµν = 0
for the background field are valid, as shown in [28, 29]. The existence of the corresponding UV
divergence was inferred from explicit computations in [30]. Each Rµνλδ depends on linear,
quadratic, etc., powers of the background field graviton hµν . To get the amplitudes one has
to use the expansion of the background field as an iterative solution of the field equation
Rµν(h) = 0. In a symbolic form it is h(p) = h
in(p) + 1
p2
V3(h
in)2 + ..., where V3 is a 3-point
vertex and hinµν is a free graviton satisfying the free linear equation. This expansion of the
background field in terms of the free fields corresponds to replacing each of the background
gravitons in R3 by an infinite tree [27, 28]. In particular there is a tree with 4 gravitons.
Together with the local 4-graviton contact term in the expansion of R3, this forms a 4-point
gauge-independent on-shell amplitude satisfying Ward identities, where each graviton in the
linearized effective action (2.1) satisfies a free field equation.
In supersymmetric theories the term R3 is ruled out [31] and one starts the same analysis
from the supersymmetric generalizations of the R4 terms. Here the more general local CT’s of
the form DnR4 by itself will produce the 4-point amplitudes, which are the linearized versions of
the counterterm and correspond to the case (2.1) where A(p1, p2, p3, p4) is a strictly polynomial
function of momenta. Thus learning the properties of the local 4-point amplitudes satisfying all
relevant linearized Ward Identities is an important step in classification of possible candidate
CT’s. This process was initiated in [8, 22, 5] and significantly developed in [10, 32] based on
the intense studies of the superamplitudes in [19, 33]. In [34] the clarification of some N=8
CT’s was recently presented from the point of view of representations of the superconformal
group.
If the 4-point CT’s are absent, one may proceed with the analysis of the covariant 5-point
amplitudes since the 5-point 1PR terms from the 4-point UV divergences are absent. If there
are no 5-point CT’s, one proceeds with the covariant 6-point CT’s, etc.
3 From covariant to chiral LC CT’s and back
Using the chiral LC superfield path integral, we proved in [5] that there are no UV divergences
below L = 7. Other approaches at present seem to be in agreement with this. The recent
superconformal approach (without using the harmonic superspace) in [34] and the recent string
theory analysis in [35] suggest that L = 7 is the first UV dangerous point for d = 4 N=8
supergravity.
Here we first remind that the infinite sequence of L ≥ 8 loop CT’s in N=8 supergravity,
respecting all symmetries, including the continuous E7(7) symmetry, was constructed in [6, 7].
The superspace invariants for L ≥ 8 are geometric and depend on the background supertorsion
and supercurvature,
κ2(L−1)
∫
d4x d32θBerE L(T,R) , (3.1)
where BerE is the Berezenian (superspace vielbein) and L(T,R) is a superspace scalar con-
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structed from supertorsion T and supercurvature R. At L = 7 the corresponding background
covariant CT is a full superspace volume:
κ12
∫
d4x d32θBerE = Vol (3.2)
At N= 2 the analogous volume of the full superspace vanishes [36], so it is not obvious if (3.2)
is a candidate CT in N=8. Below we put together some useful information on linearized 7 loop
CT’s.
3.1 L = 7 and E7(7)
In L = 7 one can construct the linearized n-point invariants [6], which have 32 supersymmetries
unbroken, of the form
κ12
∫
d4x d32θW n . (3.3)
HereW n represents an SU(8)-invariant product of n self-dual scalar superfields satisfying linear
equations of motion
Wabcd(x, θ) = ǫabcdefghW
efgh
(x, θ) . (3.4)
The first component of the superfield Wabcd(x, θ) is a scalar field Wabcd(x). The curvature Weyl
spinors Rαβγδ appear with 4 θ’s and R¯α˙β˙γ˙δ˙ appear with 4 θ¯’s, see [6, 7] for details. Consider for
example few cases of amplitudes which have all graviton contribution:
a) The 4-point linearly supersymmetric invariant is using 16 θ’s for each Weyl curvature and
remaining 16 θ’s give 8 more derivatives, sandwiched between curvature spinors. Symbolically,
κ12
∫
d4x d32θW 4 = κ12
∫
d4xD8R2R¯2 + ... (3.5)
where ... means the linear level supersymmetric partners of D8R2R¯2. The 4-point supersym-
metric invariant (3.5) also has a continuous linear level E7(7) symmetry. The linear variation of
the superfield is
δWabcd(x, θ) = Σabcd , (3.6)
where Σabcd is a constant 70-dimensional parameter of E7(7) . Under such a variation, the
counterterm variation is
δlinE7(7)
∫
d4x d32θW 4 = 4
∫
d4x d32θΣabcd(W
3)abcd = 0 . (3.7)
It vanishes because this is a 3-point function where each field is on shell and massless. Thus,
from the perspective of the Lorentz-covariant full linearized superspace invariants, nothing
prevents the 7-loop UV divergence of the 4-point amplitude.
b) The 5-point linearly supersymmetric invariant uses 20 θ’s for each Weyl curvature and
remaining 12 θ’s give 6 more derivatives, sandwiched between curvature spinors. But since the
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measure of integration has an equal amount of α and α˙ spinors, it is impossible to contract 5
Weyl curvatures with 6 derivatives, each having one α and one α˙ index. Thus the counterterm
D6R5 is ruled our by linearized supersymmetry. Same for any other odd number of curvatures.
c) The next case of interest is D4R6,
κ12
∫
d4x d32θW 6 = κ12
∫
d4xD4R3R¯3 + ... (3.8)
Note that it comes out only for NMHV since we have to contract the curvature spinors with
equal number of R and R¯. One observes that under the linear level E7(7) symmetry it transforms
as
δlinE7(7)
∫
d4x d32θW 6 = 6
∫
d4x d32θΣabcd(W
5)abcd 6= 0 . (3.9)
This expression does not vanish, the linearized E7(7) symmetry is broken. It rules out the
independent supersymmetric counterterm κ12
∫
d4x d32θW 6.
d) The next case of interest is R8
κ12
∫
d4x d32θW 8 = κ12
∫
d4xR4R¯4 + ... (3.10)
Again, same number of left handed and right handed curvature spinors, or using the NkMHV
language, it is N2MHV amplitude. As before, it is not invariant under the linear level E7(7)
symmetry since
δlinE7(7)
∫
d4x d32θW 8 = 8
∫
d4x d32θΣabcd(W
7)abcd 6= 0 . (3.11)
Higher powers of curvature will not form 7-loop local CT’s. However, there will be an infinite
number of other linearized CT’s which have up to 8 gravitons and many other fields in the
amplitudes, as shown in (3.3). All terms with n > 4 break the linear level E7(7) symmetry.
Analogous results were obtained recently in [10, 32] and in [34] with regard to the gravita-
tional part of the 7-loop CT’s.
3.2 4-point CT’s
The 4-point superamplitudes are always MHV. Therefore it is easy to start our program of
comparing the Lorentz covariant and chiral LC superspace CT’s with those predicted by the
real LC superspace for the 4-point case.
In [5], the 7-loop LC superfield 4-point counterterm invariant under 32 linearized supersym-
metries was given by the following expression in the momentum superspace for the effective
action:
W 47−loop =
4∏
i=1
(∫
d4piδ(p
2
i )d
8ηiΦ(pi, ηi)
)
δ4
(
4∑
m
pm
)
δ16
(
4∑
k
λαi ηai
)
P7−loop , (3.12)
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where
P7−loop = κ12
(
[34]4[12]4 + [13]4[24]4 + [14]4[23]4
)
. (3.13)
Here Φ(pi, ηi) are the on shell LC chiral superfields in a chiral superspace where they depend on
8 variables ηia at each of the 4 points. One can see, upon some Grassmann integration, that this
LC superfield linearized counterterm is a partner of the covariant counterterm
∫
d4x d32θW 4 in
(3.5). They have the same 4-graviton amplitude:
∫
d4xD8R2R¯2. To see it from (3.12) one can
rewrite it in an equivalent form, using some identities, so that
P7−loop ∼ κ12(s4 + t4 + u4) [34]
4
〈12〉4 . (3.14)
Now one may integrate over 8 η1 and 8 η2 using the delta function δ
16
(∑4
k λ
α
i ηai
)
. This will
bring a factor 〈12〉8. The η3 and η4 integration is performed so that the corresponding η factors
come from the superfields. Altogether we find, upon integration, the following expression:
W 47−loop ∼
4∏
i=1
(∫
d4piδ(p
2
i )
)
(s4 + t4 + u4)h¯(p1)h¯(p2)h(p3)h(p4)〈12〉4[34]4 + ... (3.15)
This, in turn, is the same as
W 47−loop ∼
4∏
i=1
(∫
d4piδ(p
2
i )
)
(s4 + t4 + u4)Rαβγδ(p1)R
αβγδ(p2)R¯α˙β˙γ˙δ˙(p3)R¯
α˙β˙γ˙δ˙(p4) + ..., (3.16)
as shown in [8, 5]. In both cases, the covariant CT (3.5), as well as (3.12), have all 32 lin-
earized supersymmetries. Together with the coinciding gravitational part, this shows that in
components, as functions of curvature, gravitino etc, these are the same expressions.
Analogously, any other linearized covariant counterterm can be related to a LC superfield
amplitudes. The important difference is that at the loop order less than 7, the LC superfield
analogs of the covariant CT’s are non-local, which rules them out. For example, for the 3-loop
case we find a non-local amplitude
P3−loop ∼ κ4 [34]
4
〈12〉4 . (3.17)
When performing the computation using the path integral in the LC chiral superspace, one
expects to have only local UV divergences, which is not the case in (3.17), which rules out the
3-loop UV divergence [5].
But at and above L = 7, the linearized supersymmetry alone, without a more intense use
of the non-linear E7(7) symmetry, does not help to rule out the corresponding UV divergences.
Now we switch back to the Grassmann coordinate space in (3.12). It was explained in [5]
that for this purpose one should split the Lorentz covariant 16-component delta function into
a product of two Lorentz non-covariant 8-component ones:
δ16
(
4∑
k
λαi ηai
)
= δ8
(
4∑
i
λ1i ηai
)
δ8
(
4∑
i
λ2i ηai
)
. (3.18)
8
To use the LC path integral [5, 26], we take λ1 =
√
p
+
and λ2 = p⊥√
p
+
. The first 8-dimensional
delta function, δ8
(∑4
i λ
1
i ηai
)
, where λ1ηa =
√
p
+
ηa ⇒ ∂∂θa , allows to perform all η-integrations
via a standard Fourier transform to coordinate superspace with 8 chiral Grassmann coordinates
θa. The second 8-dimensional delta function δ8
(∑4
i λ
2
i ηai
)
, where λ2ηa =
p⊥√
p
+
ηa ⇒ p⊥p+ ∂∂θa ,
sprinkles various powers of the differential operator p⊥
p+
∂
∂θa
over each of the four superfields. As
a result, the total expression for (3.12) becomes an integral over d8θ of the superfields Φ(pi, θ)
and
(
p⊥i
p+i
∂
∂θ
)m
Φ(pi, θ) times a polynomial function of momenta P7−loop. Here m ≤ 8, and for
each of the 8 SU(8) indices, for example for a = 1, there is just one power of
(
p⊥i
p+i
∂
∂θa=1
)
, which
acts on all superfields Φ(pi, θ), one after another, according to δ
8
(∑i=4
i=1 λ
2
i ηai
)
.
The explicit form of the Grassmann Fourier transform [5] from ηia of each superfield to
a common variable θ in coordinate space is rather involved, so we will not present is here.
However, only its general properties described above will be required for the following analysis.
3.2.1 L ≥ 8, n = 4
The linearized covariant 4-point CT’s in L ≥ 8 are given by the integrals over the 32-dimensional
superspace of the SU(8) invariants depending on 4 powers of the scalar superfield Wabcd and
its covariant superspace derivatives
κ2(L−1)
∫
d4x d32θL(W,Dαα˙W,DaαW, D¯α˙aW, ...) . (3.19)
The dependence on scalar curvature always enters via the curvature Weyl tensors (two of them
chiral and two anti-chiral) with some derivatives acting on them.
In case of superamplitudes and chiral LC superspace CT’s for all higher loops, as long as we
look only at the 4-point local superamplitudes, we always have an MHV case, the dependence
on Grassmann variables is the same as in (3.12):
W 4L−loop =
4∏
i=1
(∫
d4piδ(p
2
i )d
8ηiΦ(pi, ηi)
)
δ4
(
4∑
m
pm
)
δ16
(
4∑
k
λαi ηai
)
P4L−loop , (3.20)
where
P4L−loop = κ2(L−1)
(
[34]4[12]4 + [13]4[24]4 + [14]4[23]4
)
f(s, t, u) . (3.21)
Here f(s, t, u) is a polynomial function of the Mandelstam variables s, t, u of dimension 2(L−3)
symmetrised over all 4 momenta. The symmetrization actually comes in the effective action
(3.20) automatically due to a symmetric dependence on scalar superfields in (3.20). We compare
the results with the old Lorentz covariant CT’s, in their linearized form. We find an agreement
between (3.19) and (3.20), (3.21).
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4 CT’s in the real LC superspace
Here we will explain the relation between the real and chiral LC effective actions for N=8
supergravity. The classical action depends on one unconstrained scalar superfield. It can be
taken to be either chiral φ or anti-chiral φ¯. In the real basis, the action [11, 12]
Sreal[φ, φ¯] =
1
2κ2
∫
d4x d8θ d8θ¯L(φ, φ¯) (4.1)
depends both on the chiral φ(x, θ, θ¯) and anti-chiral φ¯(x, θ, θ¯) superfields and their supercovari-
ant derivatives
d¯aφ ≡
(
∂
∂θa
+
i√
2
θ¯a∂
+
)
φ , daφ¯ ≡
(
− ∂
∂θ¯a
− i√
2
θa∂+
)
φ , {da, d¯b} = −i
√
2δab∂
+φ¯ .
(4.2)
The action also has a polynomial dependence on the transverse space-time derivatives ∂¯ and ∂
and a non-polynomial dependence on ∂+. The chirality condition is
d¯aφ¯ = 0 , d
aφ = 0 . (4.3)
The anti-chiral field is not an independent one, as they both describe a single CPT invariant
multiplet. The relation between them is given by
φ¯ =
1
∂4+
d¯8φ . (4.4)
The action (4.1) has 16 kinematical supersymmetries manifest in the real basis, where
δφ = (ǫ¯aq
a + q¯aǫ
a)φ , δφ¯ = (ǫ¯aq
a + ǫaq¯a)φ¯ . (4.5)
Here the differential operators
q¯a ≡ ∂
∂θa
− i√
2
θ¯a∂
+ , qa ≡ − ∂
∂θ¯a
+
i√
2
θa∂+ , {qa, q¯b} = i
√
2δab∂
+ (4.6)
commute with covariant derivatives (4.2). The action (4.1) has manifest kinematical supersym-
metry associated with eight θ and eight θ¯ coordinates of the real LC superspace. The other 16
dynamical supersymmetries, Lorentz symmetry and E7(7) symmetry, are realized non-linearly.
When φ¯ in the action is substituted by its expression in (4.4), one finds the chiral superspace
action by integrating over the θ¯ variables:
Schiral[φ] =
1
2κ2
∫
d4x d8θ
[∫
d8θ¯L (φ, φ¯(φ))
]
. (4.7)
A generic feature of the chiral action above is: in the chiral basis the chiral superfield is θ¯-
independent since
d¯a =
∂
∂θa
+
2i√
2
θ¯a∂
+ , da = − ∂
∂θ¯a
, {da, d¯b} = −i
√
2δab∂
+ , (4.8)
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and
daφ = − ∂
∂θ¯a
φ = 0 . (4.9)
The d8θ¯ integration is straightforward, since the only source of powers of θ¯ comes from d¯a =
∂
∂θa
+ 2i√
2
θ¯a∂
+ acting on chiral superfields. To get a θ-derivative of the chiral superfield we need
to have an action L(φ, φ¯(φ)) depending on 4 superfields of the form
(
d¯a=1φ1
) (
d¯a=1φ2
)
φ3 φ4 =
((
∂
∂θa=1
+
2i√
2
θ¯a=1∂
+
)
φ1
)((
∂
∂θa=1
+
2i√
2
θ¯a=1∂
+
)
φ2
)
φ3 φ4 .
(4.10)
This will allow the comparison with the chiral LC superspace 4-point CT’s in (3.12) and (3.20),
see also the discussion around Eq. (3.18). Here the notation φi with different numbers i is used
for the chiral superfield φ hit by various other space-time derivatives. In (4.10) we keep track
only of supercovariant derivatives in the SU(8) direction a = 1. The reason why we need two
d¯a=1 derivatives in the action is the following. In (4.10) there are 2 terms linear in θ¯a=1 which
will give a non-vanishing chiral action upon θa=1 integration∫
dθ¯a=1
[(
θ¯a=1∂
+φ1
)
(∂θa=1φ2) + (∂θa=1φ1)
(
θ¯a=1∂
+φ2
)]
φ3 φ4 . (4.11)
The answer3 is proportional to[
∂+φ1 ∂θa=1φ2 − ∂+φ2 ∂θa=1φ1
]
φ3 φ4 . (4.12)
If we would have a term in the action with one d¯a=1, we would get no
∂
∂θa=1
φ terms. If we
would have 3 of them we would get two of ∂θa=1φ terms, but we need only one for (3.12) and
(3.20), since the 4-point amplitudes are MHV, Grassmann degree 8. It will be different for
NkMHV CT’s which have higher Grassmann degree for k ≥ 1. We will return to this issue
when considering CT’s for n-point amplitudes with n > 4. Finally, the term with 4 d¯a=1 is a
total derivative. Therefore, the only possibility to have one spinorial derivative of the chiral
superfield in a chiral action requires to have a term (4.10) in the original action and terms like
(4.12) in the chiral action.
The dependence on Grassmann variables in the chiral LC superspace 4-point CT’s in (3.12)
and (3.20), as explained below Eq. (3.18), is(
∂⊥
∂+
∂θa=1φ1
)
φ2 φ3 φ4 + ... (4.13)
Here ∂⊥ is a transverse space-time derivative. Direct inspection shows that the functional
dependence on Grassmann variables in the LC superfield amplitudes (4.12) originating from
the real LC superspace action is incompatible with the one predicted for the CT’s in chiral
LC superspace of the form (4.13). It is even more convenient to compare these two functions
of Grassmann variables in the momentum space following [26], where the Fourier transform of
(4.12) was described by the function
ψij,a ≡ √pi+ηaj −√pj+ηia , (4.14)
3The same structure was noticed in Yang-Mills theory in [16, 17].
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to be compared with
i=4∑
i=1
λ2i ηai =
i=4∑
i=1
(
p⊥√
p
+
)
i
ηai . (4.15)
It was also shown in [26] that the dependence on ψij,a breaks the dynamical supersymmetry,
whereas the CT’s with (4.15) inserted into (3.12) and (3.20) preserve it.
Thus we have shown here that the 4-point CT’s from the chiral LC superspace, corresponding
to integrals over 8 θ’s, cannot be presented as real LC local CT’s, i.e. as integrals over 8 θ’s
and 8 θ¯’s. They are true F-terms of the LC superspace and therefore do not lead to the UV
divergences of the 4-point amplitudes at any loop order.
5 n-point NkMHV CT’s, n > 4, L ≥ 7, k ≥ 0
If at any loop order we would find no reason for 4-point CT’s to vanish, there would be no
need to proceed to n-point CT’s with n > 4 since the UV divergence of the 4-point amplitudes
would be bad enough. But since no valid CT’s are available at the level of a 4-point function
in arbitrary loop order L, we have to proceed to higher point amplitudes. In [5] it was noticed
that at the n-point level there is a delay of the linearized local CT’s in the chiral superspace
at least to the L = n + 3 level. One can combine this information with the E7(7) symmetry
to find the stronger restrictions for the n-point LC chiral superspace CT’s. However, here we
proceed by comparing the CT’s from the real and chiral LC superspaces.
For n-point, n > 4, MHV k = 0, L ≥ 7 CT’s, we have the following modification in our
analysis. On the LC chiral superspace side we find
W nL−loop =
n∏
i=1
(∫
d4piδ(p
2
i )d
8ηiΦ(pi, ηi)
)
δ4
(
n∑
m
pm
)
δ16
(
n∑
k
λαi ηai
)
PnL−loop(pi) , (5.1)
where PnL−loop is the function of the on-shell momenta pi which has a factor κ2(L−1) in front. It
respects the chirality structure of each chiral superfield, which means that there are factors of
[ij]. An explicit form of this function is not important for our purposes. The only important
fact is that there is no new dependence on Grassmann variables ηi, it is all included into
δ16 (
∑n
k λ
α
i ηai). Therefore on the chiral side the analysis is as for the 4-point case.
In the real LC superspace the dependence on θ-derivatives has to be[
∂+φ1 ∂θa=1φ2 − ∂+φ2 ∂θa=1φ1
]
φ3 φ4... φn (5.2)
to produce the linear dependence on ∂θa=1φ. This implies, for any loop order, exactly the same
incompatibility between chiral LC superspace and real LC superspace MHV CT’s, as for the
4-point case.
For NkMHV n > 4, k ≥ 1, L ≥ 7 the CT’s are given by expression analogous to (5.1)
where however PnL−loop(pi) is replaced by PnL−loop(pi, ηi) which has a Grassmann degree 8k where
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1 ≤ k ≤ n − 4. They are given by a function depending only on momenta pi times a function
polynomial in ηia. For our purposes the precise form of this function is required only with
regard to its ηia dependence. Fortunately, it has been established in [33] from the linear level
supersymmetric Ward identities that all n-point L-loop NkMHV superamplitudes depend on
the factors
mijk,a ≡ [ij]ηka + [jk]ηia + [ki]ηja . (5.3)
They are supersymmetric with respect to all 32 supersymmetries. Translating this to the LC
variables in notation of [26], we have
[pi, pj] = [pq] =
p+q¯⊥ − q+p¯⊥√
p+
√
q+
. (5.4)
There are also more general structures in the real LC candidate CT’s, since now for any direction
in the SU(8) space, like a = 1, there will be higher powers of ∂θa=1φ. For each k there is an
extra power of ∂θa=1φ. This means that we have to start with the more general expression of
the form (
d¯a=1φ1
) (
d¯a=1φ2
)
...
(
d¯a=1φk+2
)
φk+3...φn . (5.5)
Integrating out all terms linear in θ¯a=1, as before, we find
ǫi1i2...ik+2(∂+φi1)(∂θa=1φi2)...(∂θa=1φik+2)φk+3...φn = ǫ
i1i2...ik+2ψi1i2...ik+2φk+3...φn . (5.6)
In MHV k = 0 case, this is a structure, described previously as ǫij(∂+φi)(∂θa=1φj)φ3...φn =
ψ12φ3...φn. This is to be compared with (5.1), where
PnL−loop ∼
i=n∑
i=1
(
p⊥√
p
+
)
i
ηa=1i ·X , (5.7)
where X is a product of mijk,a=1. One can see that the CT’s in (5.5), (5.6) and in (5.1), (5.7)
are incompatible, either by a direct inspection of by computing the variation of the real LC
superspace CT’s under dynamical supersymmetry: they maintain the kinematical symmetry off
shell, but they are breaking linear level dynamical symmetry δφ = ǫa
(
p⊥√
p
+
)
q¯aφ. This finalizes
the proof that all linearized on shell CT’s with 32 unbroken supersymmetries are forbidden,
because they cannot appear in the perturbative path integral in the real LC superspace.
6 Summary
30 years ago, N=8 supergravity in four dimensions was suspected to be UV divergent at higher
loop orders. The suspicion was based on a construction of an infinite set of superinvariants [6, 7]
in a Lorentz covariant on shell superspace geometry with 32 Grassmann coordinates. These
counterterms were viewed as candidates for UV divergences. 2 years ago, one of the accusers
proposed to restore the presumption of innocence, and proposed [8] to check the prediction of the
on shell full superspace [6, 7] using the unconstrained off shell real and chiral LC superspaces.
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The reason for this was the following. It was known that the full superspace has only on
shell superfields, which cannot serve as variables in the path integral. It has been realized,
thanks to the progress with 3- and 4-loop computations [3] and the general understanding
of the superamplitude structures of N=8 supergravity [19], that things do not quite go in the
direction expected in [7]. Trying to understand this discrepancy, we came to the conclusion that
one should use the LC formalism [11, 12] of N=8 supergravity. LC superspace has two versions:
one is the real superspace [11, 12] with 16 Grassmann coordinates. The other one is the chiral
one [16, 5] with 8 Grassmann coordinates. Since in both cases in N=8 supergravity, there is an
unconstrained chiral superfield with 256 propagating degrees of freedom, one can construct the
path integral, and analyze the consequences corresponding to Ward identities. In the chiral LC
superspace, this was done in [5, 26]. An infinite set of candidate CT’s, respecting linearized 32
supersymmetries and corresponding to those in the Lorentz covariant full superspace [6, 7], was
discovered in [5]. The local CT’s in the chiral LC analysis were shown to be absent for L < 7.
Recent progress in understanding superamplitudes led to a systematic analysis of CT’s of
N=8 supergravity in [10]. Using the relation between superapmlitudes in [19] and light-cone
superfield amplitudes in [5], one also finds systematic information on the chiral LC superspace
candidate CT’s.
With all this information at hand, time was ripe to look at the real LC superspace CT’s. The
relevant CT’s must preserve off shell the 16 kinematic supersymmetries manifest in the process
of the supergraph computations in the real superspace. This means that the rules are simple.
The local CT’s may depend on a chiral superfield and related anti-chiral superfield, and their
supercovariant derivatives, as well as positive and negative powers of p+ and positive powers of
p⊥, p¯⊥. This dictates the form of the CT’s in the Grassmann 8-dimensional chiral superspace,
which originate from the real Grassmann 16-dimensional LC superspace, when the integration
over 8 θ¯ coordinates is performed. First, one has to replace every anti-chiral superfield, using
the CPT conjugation, by its expression in terms of the chiral one. Now in the chiral basis
for the superfields the only dependence on θ¯ enters via the supercovariant derivatives. The
integration d8θ¯ is straightforward; it picks up 8 powers of θ¯’s from supercovariant derivatives.
This leads to a possibility to have factors ∂
∂θ
acting on chiral superfields φ(x, θ) in the chiral
LC superspace, but only in a particular combination. In the LC Yang-Mills theory in [16]
the relevant anti-commuting derivative was given a name: ∂x−,θ. For N=8 supergravity, the
analogous anti-commuting derivative is available, in notation of [26] it is simple in a Fourier
superspace: ψij,a =
√
pi+ηja − √pj+ηia. Thus, if we were able to construct the CT’s in the
real LC superspace with 16 Grassmann coordinates we would be able to integrate them out
over the 8 powers of θ¯. This would result in the appearance of the Grassmann variables in
the chiral linearized LC counterterms of the form ψij,a. However, we now know that the chiral
LC superspace linearized CT’s may depend only on the following combination of Grassmann
parameters: For the MHV case it is δ8
(∑
i
p⊥√
p+
ηai
)
[5], for the NkMHV case we have in
addition the supersymmetric factors of mijk,a = ([ij]ηk + [jk]ηi + [ki]ηj)a, as shown in [33].
These functions are incompatible with ψij , ψikj..., which are permitted when integrating out
the θ¯-variables. One can check that the dependence on ψij in contact terms in the LC action
breaks the dynamical supersymmetry [26], whereas the LC superspace covariant CT’s have all
32 linearized supersymmetries intact.
14
After the use of these rather technical tools with LC and Grassmann variables in CT’s, we
may summarize the situation in simple terms. If one choses to use the supergraph rules of the
chiral LC superspace with 8 Grassmann coordinates, the single 256 dimensional multiplet of
N=8 supergravity running in the loops of d = 4 LC supergraphs leads to an infinite set of
candidate CT’s, compatible with the covariant ones. However, each of these CT’s is an F-term
of the full real LC superspace, which has 16 Grassmann coordinates. The technical paragraph
above shows that these F-terms cannot be presented as local D-terms in a real LC superspace
with 16 manifest kinematic supersymmetries. This means that using the supergraph rules of
the type following from the action in [11, 12], one cannot build the CT’s compatible with the
ones already known from the chiral LC superspace and from the covariant linearized Grassmann
32-dimensional superspace. Therefore all CT’s are ruled out. The basis for this conclusion is
the equivalence theorem for N=8 supergravity [5]. It is valid only in the anomaly-free case
when the formal predictions from the path integral are confirmed by loop computations. From
this perspective, the future higher loop computations developing on [3] will test the absence
of quantum anomalies in the path integral and, hopefully, confirm the prediction made in [4]
about the absence of E7(7) anomalies to all orders in perturbation theory.
Thus, in this paper, N=8 d = 4 supergravity is acquitted from the previous accusation in
[6, 7] and is predicted to be UV finite if there are no anomalies violating the equivalence theorem
for physical observables. The observables are expected to be the same whether computed using a
Lorentz covariant path integral for component fields based on a properly gauge-fixed Cremmer-
Julia action with the conserved Noether current of the continuous E7(7) symmetry, using the
unitarity cut method, or using the chiral or real LC supergraph Feynman rules.
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